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ABSTRACT

Modules of harmonic cochains on the Bruhat-Tits building of the pro-
jective general linear group over a p-adic field were defined by one of the
authors, and were shown to represent the cohomology of Drinfel’d’s p-adic
symmetric domain. Here we define certain non-trivial natural extensions
of these modules and study their properties. In particular, for a quotient
of Drinfel'd’s space by a discrete cocompact group, we are able to de-
fine maps between consecutive graded pieces of its de Rham cohomology,
which we show to be (essentially) isomorphisms. We believe that these
maps are graded versions of the Hyodo-Kato monodromy operator V.

1. Introduction

Let A" be a finite extension of Q,, and 7 the tree of G = PGLy(K), a (g + 1)-
regular tree on which G acts. Let M be an abelian group, and let C* (k = 0,1)
denote the group of alternating, M-valued, k-cochains on 7. As usual, the
coboundary map d: C°® = C! is defined by

df (uwv) = f(v) — f(u).

The subgroup of harmonic cochains CF,. C C* is defined as follows. In degree
0, CY = M are simply the constant maps from the vertices of 7 to M. In

har
degree 1, C}  consists of all the maps f from the oriented edges to M, which

> fluw)=0

satisfy, for every vertex v,
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(the sum is over the vertices adjacent to v), and of course, f(uv) = —f(vu).
Define also the subgroup égar C C° to consist of all the maps g from the vertices

of T to M satisfying, for every vertex v,

> (g(v) = g(w)) = 0.

u

Since T is simply connected, the following sequence of G-modules is exact:
0 C%, —»C SCl —o.

Its importance stems from the fact that, when M = K, C’,’far is canonically
identified (via the residue map) with the kth de Rham cohomology of the Drin-
fel’d p-adic “upper half plane” X, which lurks behind the purely combinatorial
picture of the tree. Similarly we could use l-adic coefficients to identify C,’far
with the rigid-étale [-adic cohomology. The existence of a canonical extension
of C},. by CP_. is a special phenomenon, peculiar to the cohomology of spaces
like X, which admit a “totally degenerate reduction” modulo p. From a purely
representation-theoretic point of view, C}__ is the (full algebraic) dual of the
Steinberg representation of G, and the extension in question is of course well-
known. Thus what is interesting here is the way this extension is modeled on
harmonic cochains on the tree, and the way it is related to the cohomology of X.

In [dS] and [A-dS] we defined d-dimensional analogues of these, when 7 is now
the Bruhat-Tits building of PGLg41(K). We defined spaces CF = C C* charac-
terized by “harmonicity conditions” for every 0 < k < d (see 2.5 ahead), proved
that via appropriate residue maps they become isomorphic to the kth coho-
mology of Drinfel’d’s p-adic symmetric domain X of dimension d, and established
the relation between our description of that cohomology, and other descriptions
due to Schneider and Stuhler [S-S] and to Iovita and Spiess [I-S].

The first goal of this work is to construct canonical extensions of G-modules

k—1 Ak—1 9 ~k
0— Char - Char _)Char -0

for every 1 < k < d, and to describe C’,’fa_rl by means of certain harmonicity con-
ditions on k —1 cochains on the building. This is achieved in Proposition 3.4 and
Theorem 3.6. These short exact sequences are obtained by dualizing short exact
sequences of smooth G-modules, whose construction is purely combinatorial, and
somewhat tricky. As in the one-dimensional case, the extensions in question are
easy to define representation-theoretically, and the chief interest is in modeling
them on harmonic cochains, and relating them to the combinatorics of 7 and to

the cohomology of X.
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The second goal of this work is to examine the cohomology of a discrete,
cocompact subgroup I' of G, with values in these spaces. We assume that T’
acts trivially on M, although in future work we hope to address the case where
M is an algebraic representation of I'. When M = K, the groups H"([',C},,.)
are the graded pieces in the covering filtration (which coincides with the weight
filtration) of the cohomology of the algebraic variety Xy = ['\X (this quotient is
algebraizable by a theorem of Mumford and Mustafin). They have been studied
by Schneider and Stuhler, Iovita and Spiess, and also by us in [A-dS]. They are
interesting only in the range r + s = d. Our interest here is in the connecting
homomorphism

v: H'(T,C},,.) — HTTY(T, G52 1),

har

resulting from the extension C’g;l Our main result (Theorem 4.3) is that v is
an isomorphism, except for the cases r = s or r+1 = s — 1, where it is surjective
or injective, with a 1-dimensional kernel or cokernel, respectively. We prove this
result by showing that the dth iteration of the connecting homomorphism

v HO(T,C¢,) — HYT,K)

is the well-known isomorphism used by Garland in [G].

Although the cohomology of Xt is nowhere mentioned in our work, questions
about the action of a certain monodromy operator on it motivate the study
of v. To explain this, assume once again that d = 1, so Xt is a Mumford curve.
In this case one has two short exact sequences which fit into the diagram at the
end of this paragraph. The horizontal sequence is the Hodge filtration exact se-
quence, and the vertical one the covering filtration exact sequence. The de Rham
cohomology can be described as the space of differentials of the second kind on
Xr, modulo exact differentials. Pulling back to X, any differential of the sec-
ond kind can be assigned well-defined residues along the oriented rigid analytic
open annuli which are the pre-images, under the reduction map, of the (oriented)
edges of the tree 7. The residue theorem guarantees that the 1-cochains thus
obtained are harmonic, and of course, they are also I'-invariant. This is the map
denoted by res in the diagram. Its kernel, the differentials of the second kind
with vanishing residues, modulo the exact ones, is canonically identified with
HY(T, K), as is most easily seen using Cech cocycles to compute the cohomology.
The four vector spaces at the edges of the diagram are g-dimensional, where ¢ is
the genus of Xr. The diagonal arrows are isomorphisms. It is enough to prove
that this is the case for the south-west corner, where it becomes the statement
that a differential of the first kind on X which is I' invariant, and all of whose
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residues along annuli vanish, is identically 0. As a result we obtain a Hodge-like
decomposition

Hip(Xr) = HY(Xr, QY @ H\(T,K).
All these statements have been generalized to de Rham cohomology with values
in the local system Sym™. See [dS2].

HYT,K)

S

0 — HO(X7, Q') — H}p(Xp) —— HY(X, 0) —> 0

\ TES

HO(T, Cy,,)

har

0

Now the de Rham cohomology of any curve over A" with semi-stable reduction
carries a monodromy operator N, which is nilpotent of rank 2 (N? = 0)
and which is 0 if the curve has good reduction (or, more generally, if and only
if its Jacobian has good reduction). In the case of Xr it can be shown that
ker(N) = HY(T, i), and the resulting map N: HY(T,C}_ ) — HY(T,K) is just
our v. See the work by Coleman and Iovita [C-I], where they also discuss the
Frobenius structure on the de Rham cohomology.

These results have been generalized to the varieties uniformized by the d-
dimensional X, i.e. to the Xp’s discussed above in [S-S], [S], [I-S] and [A-dS].
The two short exact sequences are replaced by two spectral sequences. The
Hodge-to-de Rham spectral sequence degenerates at Ej, leading to the Hodge
filtration, and the covering spectral sequence degenerates at Es, leading to the
covering filtration. The two filtrations are opposite, resulting in isomorphisms of
the graded pieces

H*(Xp, Y~ HY T, C},,) = H™
(generalizing the two diagonal arrows in the diagram above), and in a Hodge-like
decomposition of the cohomology

Hip(Xr) = D H™.
r+s=k
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Hyodo and Kato [H] defined, for any smooth projective variety with semi-stable
reduction, a monodromy operator N on its de Rham cohomology. In our case,
the only interesting cohomology is Hip(Xr), on which N is nilpotent of rank
d+1. It is not difficult to see that N respects the covering filtration, and induces
0 on the graded pieces. Looking at the “first diagonal above the main diagonal”
we see that it induces maps

N: H(T,C},,) — HPY(T, Ch ).

har

We conjecture that N = v, as was proved in the 1-dimensional case by Coleman
and Iovita.* If correct, this would imply, via our main theorem on v, a conjecture
of Mokrane [M] on the monodromy filtration. In the l-adic setting, this conjec-
ture is Deligne’s conjecture on the “purity of the monodromy filtration” (saying
that the monodromy filtration, suitably renumbered, coincides with the weight
filtration). It is known to have important consequences for the study of local L
factors of Shimura varieties at bad primes. Although the varieties of type Xt are
special among the varieties with semi-stable reduction, and Deligne’s conjecture,
or Mokrane’s, are probably more accessible for them, we find this line of attack
interesting.

The rest of this paper is organized as follows: In section 2 we gather the
necessary notation and results of previous work. In section 3 we describe the
extension C¥_, and in section 4 we prove our main result on v.

2. Notation and background

2.1. THE BRUHAT-TITS BUILDING. Let K be a finite extension of Q,, and
7 a uniformizer. Let Vi be a (d + 1)-dimensional vector space, G = PGL(Vg)
and denote by 7 the Bruhat—Tits building of G. It is the simplicial complex
in which the vertices are the dilation classes [L] of lattices in Vi and the k-
simplices are the sets {[Lo),[L1),...,[Lx]} where Lo D Ly D --- D Ly D wlo
(strict inclusions). These inclusions determine a canonical cyclic ordering of the
vertices in any simplex. We will also use the oriented version T of this building,
in which the k-simplices are the sequences o = ([Lo},[L1],...,[Ls)). The vertex
[L] is called the distinguished vertex of o. The cyclic group Zy; acts on T
by cyclically permuting the vertices.

Two simplices ¢ and 7 of T (or T) are called adjacent if ¢ U 7 is a simplex
of T. We denote by Ti(r) the set of oriented k-simplices that are adjacent to 7.
Alternatively, ¢ and 7 are adjacent if they are both contained in a third simplex.

* Added in proof. This has now been established by the second author.
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2.2. THE PAIRING (0,5). Set A =P(Vk) (viewed as a compact, totally discon-
nected space under the p-adic topology, equipped with a continuous G-action).

We define a pairing 7 x A¥*1 = {~1,0,1} in the following way: For o =
((Lo), [L1), - -, [Lk]) € Tk and S = ([ag), [a1], - .-, [ak]), where the representatives
a; are chosen so that a; € Ly ~ wLg, (0,5) = sgn(r) if there exists a permutation
7 of {0,1,...,k} so that ar;) € L; ~ Ly (where Ly = nLg), and (0,5) =0
otherwise.

For example, when d = 1, the building 7" is the infinite (g + 1)-regular tree, A
is identified with the set of ends of the tree, and the pairing of an oriented edge
o € T, with a pair of ends ([ag), [a1]) € .A? is 0 if the geodesic from [ao] to [a1]
does not pass through o, and otherwise it is 1 or —1 according to the direction
of ¢ in this geodesic.

We shall view this pairing in two ways. For a field F, denote by C*(F) the
space of alternating F'-cochains on 7A7¢, that is, functions c: ’/ﬁc — F satisfying
for all o € Ty, 2 € Zisr, ¢(2(0)) = sgn(z)c(o).

Denote also, for a topological space X, L(X) = C*(X,Z) the abelian group
of locally constant functions from X to Z.

Then for S € A¥*! we have a cochain cs € C*(F), and for o € 7A7c we have a
function A\, € L(A**1), both defined by

A (S) = cs(o) = (0, 5).

The group G acts on L(A**1) by (g- £)(S) = f(g715). Note that g- s = Ag0-

2.3. LocAL SYSTEMS. Let R be a commutative ring. A (co)homological
local system A of R-modules on T consists of an R-module A(7) for every 7 € T
and maps (2: A(r;) — A(7) (resp. r]i: A(72) — A(m)) whenever 7, > 7o,
satisfying the usual compatability relations. It is called G-equivariant if in
addition there are isomorphisms ¢4 ,: A(7) — A(g7) commuting with the ¢72
(resp. r7}), and satisfying ¢p gr © dg,r = Ppg.r-

If a ring homomorphism R — S is given, we have the dual system of S-
modules defined by

A*(t) = Homp{A(7), S).

The dual of a homological system is a cohomological one and vice versa.

To a (co)homological local system A we attach the differential complex
Co(T, A) (resp. C*(T, A)) in which C,.(T,A) (resp. C™(T,A)) for r > 0 is the
collection of finitely supported maps (resp. maps) f: 7. > I, cr. A(T) sat-
isfying f(v) € A(r) and f(z(7)) = sgn(z)f(r). In the cohomological case, the
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differential d: C"(T, A) — C™1(T, A) is defined by
df(r) = Z [r:7]rD £(7)
T e€T,T'<T

where the incidence number [ : 7] is given by

[(V0y- -+, Vrg1) : (Woy e e ey Biy- -y Vpg1)] = (—1)0

In the homological case, d: Cr+1(?, A) > Cr(’f', A) is defined by

d(ry= > [Tl f().
T €Trg1,7<T
In both cases, 7 is oriented, and the sum extends over unoriented r's. Note
that each summand does not depend on the choice of orientation for 7. For a
homological local system A, CT('?, A") is naturally dual to CT('?, A), and the
two (co)boundary maps are dual to each other.

2.4. THE G-MODULE Ag. Let Ay C L(A**!) be the span of all the functions
Ao for o € T (see [A-dS], cor. 2.2 for another description of Ag).

We shall attach to it a local system A, on 7.

For a vertex v of 7, let B, be its stabilizer in G, and denote by U, C B, ~
PGL441(Og) the principal congruence subgroup of level 7, namely, if v = [L],

Uy={9€G:ga—a€nl VaeclL}.

For r € T,, let U, be the subgroup generated in G by all the subgroups U, for
a vertex v of 7. Define Ag(r) = Agﬂ It is a G-equivariant homological local
system of abelian groups on 7, where the maps 72 are simply the inclusion maps
Ag(m1) = Ag(r2).

PROPOSITION 2.1: Ay(7) is spanned by the )\, for g € ﬁ(‘r)

Proof: It is easy to see that the A, for o € ’ﬁ(f) are fixed by U,. For the other
direction, we use the inclusions

AL (K - ARV

[

LA 2)— L(A**} K).

First we claim that (K - Ar)V~ is spanned, as a K-vector space, by these
As. For the proof of this fact we refer to [dS], where in (5.10) it is shown that
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(K -Ap)V =2 AR(1)* for some finite dimensional vector space A*(7), and corollary
(2.7) gives a basis {A,,} of A*(7)* consisting of some of the A, for o € Tx(r).
This proves the claim, but furthermore, the elements of this basis are indexed by
a subset Spy1(7)" of A**! which is linearly ordered, and the matrix

()\oT (S))S,T€5k+1(‘r)”

is triangular, Z-valued, with 1’s on the main diagonal.
Now look at an element A € Ag’. By the above claim, we can write

A= ) erder

T€Sk41(T)"

with er € . But since A(S) € Z for every S € Sx41(7)", we get by backwards
substitution that ¢y € Z for all T |

We now form the chain complex C.(?, A,) with the augmentation map
€ Co('?\',Ak) — Ag

defined by €(f) = 3 o4, f(v).

THEOREM 2.2: Co(T,A,) = Ax — 0 is a projective resolution of Ay in the
category of smooth G-modules.

Proof:  See [S-S], theorem 8, p. 118. The identification of V;(Z) with our Ay is
given in [A-dS], cor. 2.2. See also ibid., (2.7) and (2.11). |

2.5. HARMONIC COCHAINS. For a field F, we let
Char = Char(F) = Hom(A, F),

the space of harmonic k-cochains.
An element ¢ of this space will be viewed as an alternating cochain on ’ﬁ by
defining, for o € 7A7€,

Thus, Cf,, C C¥(F). Note that cs € CF, is the linear functional of evaluation
at S.
For lattices M D L D M we define the relative degree

[M : L] = dimOK/ﬂ-OK(M/L).



Vol. 135, 2003 COHOMOLOGY OF DISCRETE GROUPS 363

THEOREM 2.3 ([dS], cor. 5.8): CF,. is the space of functions c: Te = F
satisfying:
(A) Foro € Tir 2 € Zi, c(:(or/\)) = sgn(z)c(o).
(BY For 0 = {vg,... k1) € Ti1, 0 < i < k—1and 0 <1l < [L; : Liy]
(v; = [Li]),

Z c(vg, .- 5, [M], 0541, -+ -y Uk=1) = 0.
L;DMDL;1,[Li: M=l

(©) Fora:(vo,...,'vk)eﬁ. and1<i<k,

Z C(U(),...,'Ui_l,[M],vi+1,...,‘vk)ZC(O').
Li:_)M:)Li+1,[M2Ll+1]:1

(D) Foro = (vg,...,Vk+1) € 7A'k+1,
k41
S (=Die(vos. . By veg1) = 0.
i=0
We record for future reference the following identities:

k+1

i=0

(2) Z(_‘l)ic(ag,...,&i ..... ap+1) — 0.

The first one is merely an expression of condition (D) for the harmonic cochain
cs. The second one is proved in [dS], 2.15.
We form the cohomological local system A® = Hom(A,, F). We get a resolu-
tion of G-modules
0 CF . — C*(T, A%
(see [dS], corollary 5.2).

Remark 2.4: By Proposition 2.1, an element of A*(r) = Ax(7)* is uniquely
determined by its value on the elements A, for o € Tx(7). Thus, an element of
C(T, A*) is given by a function of two variables f(r;0) from {(r,0) : 7 € T,
o € Tr(7)} to F, satisfying f(217; 220) = sgn(z1)sgn{z2)f(r;0). However, not
every such function represents an element of CT(T, Ak), since the A, for a given

T are linearly dependent.
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3. The extension C¥

The aim of this section is to describe an extension of G-modules

0 CHl 5 CFY 5 cF, 0.

har har

We will do it by constructing an extension of smooth G-modules
0— Ak — Kk-—l — Ak._1 — 0,

and dualizing it.
3.1. THE FUNCTIONS X,.

Definition 3.1: 1. Let A = (Vi ~{0})/ O3;. (We will slightly abuse the notation
by writing @ € L for a € A and a lattice L, since this does not depend on the
representative in Vi .)

2. For a lattice L and @ € A, ordy(a) = n ifa € 7" L~ a"*1L.

3. For o = ([Lo,- -, [Lx—1]) € Th_1, S = (ao, - - ., ) € A1,

k

Xo(S) = =D (-1)!(a. Si)ordy, (@)

=0
where a; is the image of a; in A, and S; = (ao, ..., a5, ..., ak).

To see that this is well-defined, note that if we change the lattice-flag repre-
senting o by a homothety, then all the ord;,(a;) are increased by a fixed amount,
but Z;“:O(—l)j(a, S;) = 0 (see (2)). Clearly, A, € L(AF).

Let Ap_; be the abelian group spanned by the ;\g for all 0 € ﬁ_l, and let &
be the inclusion L(A¥+!) < L(A*+1) coming from the projection A — A. The
next lemma proves that d(Ay) C Ak—1, and also explains why we chose to denote
it by 0.

LEMMA 3.2: One has the following formula,

k

(3) 0A; = Z(_l)l}“m
=0

where, if 0 = (Vo, .., V), 01 = (Vg - -, Uy . oy Vg ).

Proof: Let o = ({Lo),...,[Lk]). Fix S = (ao,...,ax) € A**! and a lifting S.
We have to show that
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We first develop the right hand side (RHS) using the identity (1):

k

k k
RHS = — Y "(=1)(c0, Si)ordy, (a:) = _ > _(=1)"* (o1, S;)ordr, (@:)

i=0 =1 i=0

k
Z (00, Si)(ordr, — ordr, )(@;).
1=0

Thus it remains to prove the identity

k
(4) (0,8) = Z Y00, 8 ) (ordr, — ordp, )(@;).

=0

Clearly, the RHS is independent of the lifting 5. We choose S to be adapted to
o,1e. all @ € Lo~7Lg. Then (ordr, —ordy,)(a;) =1if a; € Lo~ Ly and is 0
if a; € Ly ~mLy. We distinguish cases:

e If no @; les in Lo~ Ly, both sides are clearly 0.

o If there are at least 3 such a;, then in every S; there are at least 2 @;’s with
the same gg-index, so the RHS is again 0, and so is the LHS.

o If there are precisely 2 such, assume that they are a; and a;. Then the
RHS is (-1)(a0, S;)+ (—1)¥(00, S;). Now S; contains a; but not a;, and S;
contains a; but not a;. From the point of view of the permutation defining
(00, S;) or (00, S;), a; and a; have the same o¢-index, because they belong
to 7~ 1L;~ Ly. Thus we find that (09,5;) = (00, 5;)(~1)*771, and this
proves that the RHS vanishes.

® There remains the case where there is a unique @; € Ly ™~ L. The RHS is
equal then to (—1)’(oo, S;). Exchanging a; and ap in S changes the LHS
by (—1)7, so we may assume that j = 0, i.e. g € Lo~ L1. In that case we

have to prove that (a,5) = (09, Sg), which clearly holds. ]
Next, we define a map : /N\k_l — Aj_1. Fix an auxiliary aq € ﬁ, and consider
the map
(5) Vag: AF = AR yo (@y, .. ak) = (Gosdds - - Gk)-

Let 73 : L(.,Zk‘”) — L(A*) be the pull-back of functions. Consider the map
Y = Vi, = Via,r Since vi, and 747 clearly agree on L(AF!), we see that
o0 = 0. The following lemma shows that on Aix_y, ¥ is independent of the
choice of ég, and that its image lies in Ax_; C L(A*) C L(.Zk). At the same
time it proves that ¢ is surjective.
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LEMMA 3.3: We have

(6) P(A) = Ar
Proof: Fix § € A* and a lifting S = (@1,...,a) € A*. Then

¢(;\T)(‘§) 2;\7(‘}07 S') - 5‘7(7"&0» S)
(7) =(r,5)=XA(S). 1

PRrROPOSITION 3.4: The sequence
(8) 00— Aké)lik_lﬂﬂ\k_l —0

is exact.

Proof: It remains to prove that anything in ker(v) is in Im(9). Suppose that
S n.[r] is a (k — 1)-chain such that A = Y.n,A, € ker(s)). This means that
Y n;A; = 0. We know that Ay_, is generated by the simplices [7] modulo the
relations of types (A)-(D). There are therefore finitely many steps of type (A)-
(D) that transform the chain 3~ n.[r] to 0. Now consider the effect of each such
step on the corresponding A. If it is a step of type (A)-(C), A is not changed.
This is proved in Theorem 3.5 below. If it is a step of type (D), we add to our
chain a boundary of a k-chain, so we modify A by an element coming from 8(Ay).
This proves that Ae Im(d), so the sequence is exact. [

It is also clear that the natural GL(Vk) action on Ak-1 factors through G,
because for every constant ¢, and every S, A,(cS) = A, (S) (again by (2)). The
G-module Ak_l is admissible. One clearly has, for v € G,

(9) 7()\1) = ’\w(r)~
3.2. DEFINITION OF C’;f;rl, AND CHARACTERIZATION BY HARMONICITY
CONDITIONS. As promised we define C’,’;;l(F) =H om(f\.k_l, F). Like before,

an element of it is viewed as an alternating cochain on Ti..; by assigning to
0 € Ti_ its value on A,. We obtain the sequence

(10) 0— CE-L4CE-14Ck -0,

where ¢ and d are the dual maps to 9 and @, respectively. As cochain maps, ¢ is
simply the inclusion (by (6)) and d is the usual coboundary map (by (3)).
It is easy to see that the modules in (8) are free over Z, hence (10) is exact.
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THEOREM 3.5: CF-Y(F) ¢ C*k-\(F) is characterized as the subspace of all
cochains f: Ty — F which satisfy conditions (A), (B) and (C).

Proof: Let f be in C,’f;rl(F). We have to show that f satisfies (A)—(C) (for
index k — 1). We start with a lemma.
LEMMA 3.6: In the definition of A,(S), one can replace ordy,, with ordy, (and

therefore with ordy, for any L; which is a vertex of 7).

Proof: We have to prove that
k .
(11) Y (=1)(r, 8;)(ordu, (@;) — ordy, (&;)) = 0.
j=0

The proof is almost identical to the proof of formula (4) (the only difference being
that this time both Ly and L, are in 7), and we omit it. |

Now continue the proof of the theorem. In verifying (A) let

(12) 7=[LoD D Ly_y Dl

and

(13) ' =[L1 D> Dwlo Dl

Then

(14) A (8) = —(~1)k1 Z (1, S;)ordy, (a;)

where we have used (A) for the symbol (7,S5;). In view of the lemma this is
(—1)F13,(8).

In verifying (B) fix 7 € Ti_2 and let C be the collection of (k — 1)-simplices
appearing in the sum. Since they all have the same distinguished vertex, the
equality

(15) > A(8) =
el

follows at once from the already known harmonicity condition

(16) d (.8 =

T'eC
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after changing the summation order (first on j, then on 7’).
In verifying (C) recall that the sum extends over the collection of 7/ which
differ from 7 only in the ith lattice, and furthermore satisfy

(17) Li D L; D Liyy,[Li: Liga] =1,

where the index i > 1 is fixed. We have to show that A ( =3 A (8). All
the 7/ share the same leading vertex vy = [Lo], and changlng the summatlon
order the property follows from the identities

(18) (1,8) =Y _(7.S)).
This concludes the proof of one direction in the theorem. Note that this is the

only direction used in the proof of the exactness of (8) above. For the other
direction, we need the following lemma.

LEMMA 3.7: Assume that f: Ty_; — F satisfies (A)~(C). Then df € CF_.

Proof: 1t is clear that df satisfies (A) (since f does) and (D) (since d? = 0). For
condition (B}, fix o = (vo,...,v4_1) € ’/7\;_1, 0<i<k-land0<!<[L;:L;y1]
(vi = [L;]). Then we have to prove that

de (Vo vy 0 [M], Vig1y e oy Uke1) = 0

where L; D M D L;y; and [L; : M] = 1. We will prove it for | = [L; : L;41] — 1.
After proving independently that df satisfies (C), it will follow that df satisfies
(B) for all I. The above sum is now equal to

ZZ )}f UO {’j,--.,‘Ui,[M],Ui+1,...,Uk_1)+2(_1)i+1f(v(),”-,'Uk_l)

j=0 M M
§ § j+1 -
+ J f Uo,...,l’i,[M],’UH_l,...,’Uj,...vk_l).
Jj=i+l M

The sums for j < i and j >4+ 1 are 0 by condition (B) for f. We are left with

(—l)iZ(f(vo...,vi_l,[M],viH,...,vk_l) — flvgy .. vp_1)

M
+ f(v() cevy Uy, [M]1‘Ui+2‘ v 7Uk—l))‘

The first summand adds up to f(vo,...,vx—1), by condition (C) for f. The
second one is constant, and appears as many times as the number of M’s, which
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Lit1]

is the number of one dimensional subspaces of E[,L“ . Denote this number

momentarily by n. We have to prove that

Zf o -« o Vis [M],vig2y oy vp—1) = (R = 1) f(vo, . . ., v—1)-

By condition (C) for f we have
Zf /UOV"',/UZV ] Uz’+2’~-’vk—l)—_—zz.f(v()y~- Uz, ] Vit2y- -5 Vk—1)
M L

where M D L D Ljyo and [L : Liy9] = 1. We now count how many times
a lattice satisfying L; D L D L;y2 and [L : L;y2] = 1 appears in the double
sum: If L;yy O L then L;y; is “buffering” between L and M, hence L appears
n times. If L;y1 2 L, then L appears exactly once, since M is determined by
M =L + L;4;. Splitting the sum in this way gives

Zf(vo,...,vi,[M],ng,...,vk_l)
M
=n Z f(...,’Ui,[L],’U,'+2,... Z f C U, L] U1+2v---)

Liy:12L z+12L
=(n-1) Z fl. v [L], vigas- - +§:f Uiy [L), vigas .. ).
Liti2L
The first summand is (n — 1)f(vg,....,vx—1) by (C), and the second one

vanishes by (B).
Let us now prove (C) for df. Let o = (vp,...,vx) € Tr and 1 < i < k. We
have to prove

de (vo, .+ s Vic1, [M],0ig1s - oo 0g) = df (vo, - - Uk),

where L; D M D L;4; and [M : Liy1] = 1. In a similar fashion to the proof of
(B), after expanding both sides, using (C) for f and cancelling, we are left with
proving that

S (w0 i i v) = (o0 vir [M] via )
(19)

=f(UO"'ﬁi"'Uk)_f(UO""{)i+1"'vk)-

Let again n be the number of M’s in the sum, and expand

Zf(v(h-"svi—h[M]»U’i-{v?""»Uk) = ZZf(w%---3'v’i—11[L]yvi+27'~-v,Uk)
M M L
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where M D L and [L : Liy3] = 1. Accounting for the lattices L; 2 L D L;_s,
every L;y; D L appears n times and every L;;; 2 L appears once. Hence the
left hand side of (19) equals

nf(vo-..0 )—n Z flo v 1’ L] Viga...)
LiziDL
3o f(e e L viga )
Liy1PL

=nf(vo...ﬁi...vk)—nf(vg...f)i...vk Zf Vi1, L] Vit2 - )
+ Z f(--«vi—h ],‘UH_Q...)

Liy 2L
= —f(v() e Vi—15 Vi3 V542 .Uk) + f(’Uo e Vi1, Vig1, Vig2 - - . Ug). |

We now end the proof of the theorem: Assume that f satisfies (A)-(C). By
the lemma, df € C},.(F). By the surjectivity in the exact sequence (8), there is

ge C’hm (F) such that dg = df. It follows that g — f satisfies (A)—(C) but also
(D), so is in Char . Thus f=¢g— (9 — f) is also in C,’:arl( ). |

3.3. LOCAL SYSTEMS FOR Aj;_; AND C;:arl‘ In a manner similar to section 2.4,
we attach a homological local system Ak_l to Ak 1 by defining Aj_y (1) = ]\g’ 1
We also attach a cohomological local system A " to C,’fm} which is the dual one
to Ak_l.
PROPOSITION 3.8:

1. Ag_1(7) is spanned by {A;|o € Tr—1(7)}.

2. The complex Co(T,A,_;) = Ar_1 — 0 is a projective resolution in the

category of smooth G-modules.
3. The complex 0 — C’,:arl -~ C* (’T, Ak_l) is a resolution of G-modules.
4. For each k,r and T € T,, there is an exact sequence

(20) 0— Ak(T)gAk_l(T)ﬂ)Ak_l(T) =0
giving rise to an exact sequence
(21) 0= Co(T, 80 G, (T, B 1) BCo (T A ) 0
5. Dually, one has the exact sequences
0 A1) L A1) 4% (r) - 0,
0— C"(T, A Y)5em (T, A HBC (T, 4% — 0.
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Proof:

1. Clearly, all the A, for 0 € Tr_1(7) are fixed by U, (see (9)). For the
other inclusion we use the exact sequence (8). Suppose that f € Ag_; is
fixed by U;; then ¥f € Agx_; is also fixed by U,. Hence by Proposition
2.1, we can write ¢ f = Zue’fk_l(r) agA,. Let g = Zae’n_l(r) ag:\g; then
[ — g € ker(y), hence there exists f' € Aj such that f — g = 8(f'). Since
f — g is fixed by U,, and 8 is injective, f’ is also fixed by U;, hence is a
linear combination of A, for o’ € T(7). The result now follows from (3).

2. Follows from 1., again by [S-S2], p. 29.

3. Since the exact sequence in 2. is a split exact sequence of free abelian groups,
its F-dual is also exact.

4. For the first exact sequence, since the funcor of U,--invariants is left exact,
we only have to prove surjectivity; but this follows from Lemma 3.3 and
Proposition 2.1. The second assertion follows.

5. Follows exactly as in 3. |

Remark 3.9: As in Remark 2.4, we view an element of C" (7, Ak) as a function
of two variables (0 7) via its values on the A, for o € Tx(7).

3.4. A SPLITTING. For 7 € T;—; we will now define amap p,: Ag_1(7) = Ag(7)
that will give a splitting of (20). This map depends, in a crucial way, on the choice
of the leading vertex for .

First note that a lattice M gives rise to a lifting na: A — A assigning to an
element of A its unique lifting in M ~ 7M. Now let M be the leading vertex of
7. Duplicate nys to a map np: A+ — AR+ and let p, = n}y, ie.

pr(f)(ao, ..., ax) = f(nm(aog), .-, nar(ar)).
LEMMA 3.10: We have, for o € Tr_1(7),
(22) P‘r(;\o) = AMo

where Mo is the simplex obtained from ¢ by adjoining to it M as a leading
vertex. (Note that this is still a simplex. If M is already a vertex of o, we view
it as a degenerate simplex, and then the result is 0.)

Proof: Let S = (ao,...,a;) be an element of A**! and let 5§ = (dq,...,dx) be
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a lifting of it in A**!. We have

pr(Ae)(8) = As(na(ao),....nm(ar)) = = Y (=1)'(0, Si)ordr, (na(as))

M-

=0
k
=— Z(—l)i(o, Si)(ordr, — ordp ) (@)
=0

=(Mo, S).

The last equality follows from (4), since (Ma)q = 0. |
PROPOSITION 3.11: The map p, is a splitting of the exact sequence (20).

Proof: Let us verify that p, 0 0 = id on the generators of Ax(7), namely )\, for
o € Ti(7):

k N k ]
,D-r(a/\a) = pT<Z(—1)1)\ai> = Z(—I)VL)\MU, = /\a.

1=0 i=0

The last equality follows from (1). |

Remark 3.12:  Although for g € G, pgr = gp-, it is impossible to choose leading
vertices for all 7 € Ti_1 in a G-equivariant way, and therefore it is impossible to
glue the p;s to get a G-splitting of (21).

3.5. RELATIONS TO KNOWN RESULTS FROM REPRESENTATION THEORY. As
mentioned in the introduction, the extension (8), at least after tensored with Q,
is probably not new. What is new is the combinatorial interpretation, and the
way we model it on harmonic cochains on the building. We now elaborate on
this point.

Let G = PGLgyy1(K). For a subset I C {1,...,d} let P; be the parabolic
subgroup “with breaks in the complement of I”. Thus P = Py is the Borel
subgroup of G and if I = {1,...,d — k} our P; is the group denoted by this
symbol in [A-dS] (1.6). See also [S-S], Section 4. For any I and any ring R let

Vi(R) = C*(G/Pr,R)/ Y _C®(G/Py, R).
igl
The representation V;(Q) is known to be an irreducible admissible representa-

tion of G, and in fact these are all the irreducible constituents of C*°(G/P, R).
Furthermore, as explained in [A-dS], there is a canonical isomorphism

Ay = V[,c (Z)
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with I, = {1,...,d — k}.

Now it follows from the work of Casselman that the smooth dual of V;(Q) is
Vi(Q) = Vi(Q) with I = {d+ 1 —i|i € I}. Tensoring (8) with Q and taking
smooth duals we therefore get a short exact sequence

0=y, (@ = A1 (Q' = V7, (@ — 0.

Note that I, = {k+1,...,d} and Iy = {k,...,d}, and that P; C Pr_..
There is an obvious extension

0— C*(G/Pp,_,,Q/ Z C*(G/Pp,_,uipQ 2 E
gy
- C(G/Py,,Q)/ Y C*(G/Pru(:3, Q) =0,
igl,
where
E=C®(G/Pp,,Q/ Y C®G/Pruu Q.
igl_y

We have not checked it, but most likely the two extensions, Ak_l(Q)’ and F,
coincide.

It is interesting to see what all this says for the case of the tree, d = 1, in
particular with regard to integral structures. The last sequence, with k = 1, is
simply

0—-Q—C®(G/P,Q —» C*(G/P,Q)/Q — 0,

which defines the Steinberg representation. Since it must coincide with the
smooth dual of (8), there must be a canonical isomorphism of C*=(G/P,Q)/Q
with the smooth harmonic 1-cochains. Now harmonic cochains correspond nat-
urally to the (full) dual of C*°(G/P,Q)/Q, namely to distributions on G/P with
total mass 0. The smooth ones are those that are invariant (Haar) with respect
to some open subgroup of G. To exhibit the isomorphism between the Stein-
berg representation and its smooth dual we have to construct a G-equivariant
non-degenerate pairing on A;(Q). This is done as follows. Let p(o,7), for two
oriented edges o and 7, denote the maximal distance between vertices of o and
7. Let sgn(a, 7) be 1 if they point in the same direction, and —1 if they point in
opposite directions. Define

(Aos A7) = sgn(o, 7)g! 777

Then this is a well-defined G-pairing on Ay, exhibiting it as its own smooth dual.
Note that it is defined over @, but not over Z.
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Note also that in the category of smooth G-modules, although the represen-
tations at the two ends of (8) are, in the tree case, self-dual, this is not true for
the extension itself, or else it would have split.

4. Application to the cohomology of discrete subgroups

Let I be a discrete cocompact subgroup of G. In this section we compute coho-
mology with coefficients in (modules. In doing so we may pass to a subgroup
[V «T of finite index, and then take I'/I"-invariants. Therefore, we may assume,
without loss of generality, that I is torsion free, and acts freely on 7.

4.1. GARLAND'S ISOMORPHISM. Let us briefly recall the isomorphism used by
Garland in [7],

H°(T, C}o,(Q) = HU(T, Q).
Let 7r = T/T and let C*(7r) = C*(T,Q)" be the finite dimensional space of
@-valued alternating s-cochains on ’f'p, endowed with the inner product

(f9)=Y_ flo)glo).

€T, /T

(Note that the summand does not depend on the oriented representative of o.)
Let d: 03(’?}) - C“’“(’Afr) be the usual coboundary map. Since C.(?A', Q -
Q — 0 is a projective resolution of I'-modules,

(23) H*(I,Q) = h*(C*(Tr), d).
It follows that
HYT,Q) = coker(d : C41(Tr) = C4(Tr)).

Let 8: C4(Tr) = C%'(7r) be the adjoint map to d, that is (z,dy) = (dz,y).
Then im(d)* = ker(§) and hence coker(d) ~ ker(6).
LEMMA 4.1: We have ker(§) = C¢__(Q)!.
Proof: For an alternating cohain ¢ € C“(’f}), one has to show that the condition
d(c) = 0 is equivalent to conditions (A)—(D) in Theorem 2.3.

First note that condition (A) says that the cochain is alternating, and that

conditions (B) and (C) are void at the top degree d.
The map 4 is given by

de)(r) = Z[a : Tle(o).

7<o
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Here 1 € 7}1_1, the sum is over the o € Ty of which 7 is a face, and each such
o is given an arbitrary orientation. In order to avoid the arbitrariness of the
orientation we insist that the leading vertex of ¢ be the same as the one for 7.
The condition é(¢) = 0 comes out to be exactly condition (B). ]

We conclude that
HYT, Q) ~ ker(é) = H'(T, Cf,.(Q)).

We shall refer to this isomorphism as Garland’s isomorphism. Explicitly, a
T-invariant d-cochain f € H°(T',C¢,.(Q)) maps under this isomorphism to the
cohomology class of f in h4(C*(T,Q)").

4.2. THE CONNECTING HOMOMORPHISM. Let F be a field of characteristic 0,
1<s<dandr>0.

— H™Y(T,C~1) be the connecting homo-

har

Definition 4.2: Let v: H™(T',C}
morphism coming from the extension (10).

ar)

By ([8-S], theorem 3, p. 93) we have

67‘,31 7’-'-53‘é d,

dianT(P’C’slar) - {/’L(F) +4rs, T+s=d,

where u(T) = dim HYT,K) < oo. Thus, the only interesting case is when
r+s=d.

THEOREM 4.3: Assume that r +s = d. Then v is an isomorphism, except when
r = s — 2, in which case v is injective, or r = s, in which case it is surjective.

Proof: By extension of scalars we may assume F' = Q.
The dimensions of the spaces H" (T, C},,,.) being as they are, it suffices to prove
that the composition
vt HO(T, Cf,,) = HY(T, Q)

is an isomorphism. In fact, we shall prove that v¢ is equal, up to a constant sign,
to Garland’s isomorphism.

The cohomology spaces H"(I',C} )} can be described via the explicit resolu-
tions of Theorem 2.2 (The modules C" (7", A®) of these resolutions are T-acyclic
because, at least when I' is small enough, they are induced I'-modules.) Thus

H'(T,C},,) = BT (C*(T, A°)F).
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Moreover, the connecting homomorphism can be computed via the the commu-
tative exact diagram described in Proposition 3.8:

0 0 0
0 C;iarl 6;;7‘1 C’i‘“‘ 0

o

. Y s
0—>C(T, &™) —> (T, 4
Taking [-invariants, we get at the rth stage:

*

0 — O (T, A — s or(7, 3 Hr

ook |

0 — O+ (T, 41T Y ori1 (7, 3°7Y)E L or (T, 4%)T —0.

Since C7(T, A*™!) is [-acyclic, the rows of the above diagram are still exact.
The connecting homomorphism v is computed by chasing this diagram. An
element of H"(T', C},,,.) is represented by an element 2 € C” (T, A*)T annihilated
by d. Lift it arbitrarily to y € C7(T, As_l)r. Since @*dy = 0, there is a unique
z € C™YT, A YT such that ¢*z = dy. Then dz = 0, and [2] = v[z].

To compute v¢, we start with an element f € HO(I,C{,) and map it to
fo € COT, AN, via the embedding H(I', C¢, ) — CO(T, A%)T.

If we can find elements f, € C"(T, A (r=1,...,d,s=d—r) and f, €
C’"('i', As_l)r (r=0,...,d~ 1) such that

(24) SIS

|

" 5
fryr—df,

then one has v[f,] = [f,4+1] and hence v¢f = [f,].

Following Remarks 2.4 and 3.9, we view f, and fr as functions of two variables
(1;0). Using this point of view we will give explicitly such functions, satisfying
(24). All of them will be defined simultaneously from f. Checking (24) will then
be relatively easy. The difficulty will be in showing that these functions actually
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represent elements of C" (7, A*)F and C"(T, As_l)r. This is where the local
splittings p, will help us.
First we have, for 7 € 7o and o € 7}(7),

folri0) = f(0),

since the embedding H(T',C¢ ) < CO(T, AY)T is the dual of the augmentation
map @Ag’ — Aq4 under which, for o € To(7), Ay € Ag’ maps to itself.

To introduce f., we look for a doubly alternating function on (7;¢) where
reT, o€ 7}_1(7') and r + s = d. To this end note that if ¢ and 7 have no
vertex in common, then they can be interlaced to form a simplex of 7.

Assume that 7 = (ug,..., %), 0 = (vg,...,Vs5—1), and that v = (wo,..., wy)
satisfies v = 7 U o as a set of vertices. Define

7,0 UplUy * * - UpVoU1 * + * Vg1
= sgn
v wWowy «* - Wy

where the parentheses mean the permutation moving the objects in the upper
row to those in the lower row. We are now ready to define, for 7 € 7, and
o€ T (T),

x —)H2Ar (1) f(rUG) |oNT| =0
2 ; = ( TUo !
(25) fr(rio) {0 loeNnr|#0,
where the leading vertex of 7 U o is chosen arbitrarily. Note that since f is an
alternating function, f,(7;0) does not depend on this choice. Define also for
r>1,7€T,ando € 7;(7),

r

(26) fr(rio) = (-1) froa(mii0).

=0
To see that the f, and f, satisfy (24), let us first write explicitly the maps d,
&* and ¥* on functions: One has, by (3),

9" f(r30) = [0 F(N)](Ao) = F(T)(OAe) = D_(-1)*F(1)(Ao,) = D (1) f(730)

1 2

and, by (6),
P f(ri0) = f(T)(¥As) = f(1)(Ao) = f(730).

One also has, by definition,

df(r;0) =Y (=1)'f(rs;0).
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The last formula and (26) show that df, = ¢*f,.1. To show that (24) holds, we
still have to check that 0* fr = f,. Since ¥* is injective, it is enough to prove
that

(27) WO fr = dfrn.

Let 7 = (ug,...,ur) € 7. and o = (vo,...,vs) € ’f:(T) Since 7+s = d, they must
have at least one vertex in common. If they only have a single vertex u; = v; in

common, and T U = (wg, ..., wy), then
0" Fo(ri0) = 8°Fo(rs0) = (<1 fu(ryo) = (—1P (~1)1+ (j’j{, )f(TUa)
and

dfr-1(730) = (1) froa(ri;0) = (~1) (=1 HD (Zﬁ)f(wa)

One has only to verify that

e (75) - (727)

This is equivalent to

. . U;O"‘U""U‘UO""{T"”/{) UQ"‘/&\""H Q)Oqo.v.--.v .
(_1)1+]+7~8gn ) T 3 ] =sgn i T ] 3
wo..-wd wo-o-wd

which is clear. If |7 N | > 1 then both sides of (27) are clearly zero.
Special care must be given to the case r = 0 where the definition of f; is

special: we have to check that fp = 0* fo. Indeed, if 0 = (vo,...,vq) and 7 = v;,
then since o U T = 0,

9 folri o) = (~1) fo(rs 05) = (=1)’ ( "")f(a> = f(0) = fol;0).

g

Our next step will be to show that the functions f. and f; actually represent
elements of C7(T, A®) and C"(T, As_l). For a given 7, one has to show that
there exist functionals f,(7) € A4(7)* and f.(7) € A,_1(7)* such that

fr(rio) = £ (1) (Xe),  frlri0) = Fr(7)(Ao).

We will do it by induction on r: Assume that either » = 0, or r > 1 and the
claim is true for r — 1. Then f, € CT(T, A®) because, ifr > 1, ¥*f,. = dfr_l, and
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for r = 0, fo was directly defined as an element of C°(7, A%). Thus, the desired
fr(7) exist. We will now prove that for any r > 0,

Jfr(T; a)= p:fr(r)(:\a)~
Indeed, denoting by M the leading vertex of 7, we have by (22), for ¢ € T,_1(7),

prfr(T)(Ao) =fr(T)(prAe) = Fr(T)(Amo)
=f (7, Mo) = dfr_1(7, M) = fr_1(r0, M0)

e (4

TUo
=(—1)l+‘"+r( no )f(TUU) _ ji(ri0).

TUo
The T-invariance of f, and f, is clear since for v € T, f is y-invariant and one

o\ _ (yryo
v /) \ U /)

Our check that the f. and fr are valid representatives is now complete. We
have vef = [f4], and for T = (ug,...,uq), 0 = (u;),and TU0 =T,

has

fa(r;0) = dfui(r;0) = (=1 fa_1(15;0)
— (-1 (’f"’)(—1>1+'“+<d-”f(r> = (L)),

T

This shows that, up to a sign, the harmonic I'-invariant d-cochain f represents
the cohomology class [f4] in
H(L,Q) = h*(C*(T,Q)"),

d

hence v* is equal, up to a sign, to Garland’s isomorphism. |

COROLLARY 4.4: The extension (10) is non-split.
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